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Weighted finite energy sum rules for the omega meson in nuclear matter 

Birger Steinmiiller and Stefan Leupold 
Institut fiir Theoretische Physik, Universitdt Giessen, Germany 

The possible in-medium changes of the properties of an omega meson placed in cold nuclear 
matter are constrained by QCD sum rules. It is shown that the sum rules cannot fully determine 
the in-medium spectral shape of the omega meson. However, for a given parameterization the 
sum rules can constrain or correlate the hadronic parameters. It is shown that weighted finite 
energy sum rules provide a proper framework to study directly these constraints/correlations. Two 
typical parameterizations of possible in-medium omega spectra are analyzed, namely (i) a one-peak 
structure with arbitrary position and width of the peak and (ii) a structure with two (narrow) peaks, 
caused by the genuine omega meson and a resonance-hole branch. The sum rules provide for case 
(i) a mass-width correlation and for case (ii) a correlation between the peak heights and the peak 
- - - , position of the omega branch. It is also analyzed how the obtained results depend on the size of the 

7~r ' relevant four-quark operator evaluated with respect to a nucleon. Finally it is argued that a strict 

Sc ' vector meson dominance scenario is not compatible with the sum rules. 
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^'■ 

The question how hadrons once put in a strongly interacting medium change their properties provides a very active 

y—i ' field of research. In the language of noi^perturbative QCD, in-medium modifications are indicated by the change of 
^ ^ condensates like the quark condensate T| which provides an order parameter of chiral symmetry breaking. On the 

■^ ■ other hand, changes like the melting of the condensates do not automatically tell what this means for the properties 
of a particular hadron like its mass or lifetime. The situation is such that the condensates are closer to QCD as the 
underlying theory of the strong interaction, whereas the hadron properties are closer to experimental observation. 

^^ The QCD sum rule method is supposed to bridge that gap by connecting integrals over hadronic spectral functions 

\^ , with an expansion in terms of quark and giuon condensates. Originally they were introduced for the vacuum [^, but 

f^ ' later on generalized to in- medium situations ,2|. 

"^ A particularly interesting probe to study in-medium modifications are neutral vector mesons. The reason is that 

f-^ such mesons can decay into dileptons. If such a decay happens in the medium the dileptons leave the system untouched 

I by strong interactions. In that way in-medium information is carried to the detectors. (For an overview see e.g. jj].) 

j^ The present paper deals with w-mesons placed in an infinitely extended system with finite baryonic density. Such a 

scenario is an idealization of a finite nucleus or a heavy-ion collision. For simplicity we study w-mesons which are at 

rest with respect to the nuclear medium. 

Before we turn to a discussion of in-medium QCD sum rules we present a brief historical overview concerning the 
interest in in-medium p- and w-mesons: On the theoretical side first attempts concentrated on possible mass shifts 
5_^ ' of vector mesons fa, Q (and the experimental effort was mainly directed in heavy-ion collisions). It was implicitly 
C^ ' assumed that e.g. the widths of the vector mesons are not drastically changed. Therefore more work was devoted to 
the p-meson since a long-lived w-meson would most likely decay outside of the strongly interacting region. Also, from 
the experimental point of view it was for a long time impossible to resolve a narrow peak in the dilepton spectra which 
would be caused by an Lu-meson with its vacuum width. Recently, however, the interest has shifted to the w-meson 
for the following reasons: On the theory side there appeared calculations which propos ed sizable changes for the in- 
medium vector meson spectra beyond pure mass shifts |1 SHIS 111 111 111 111 111 111 111 111 111 El Sill 1111^ 
The genuine vector meson peak might get wider due to coUisional broadening. In addition, even new peaks or bumps 
might appear caused by collective resonance-hole excitations. It should be stressed, however, that this issue is far 
from being settled. One reason is that a key quantity of such calculations is the forward scattering amplitude of the 
respective vector meson with a medium constituent. However, there is no direct experimental access to such quantities 
since the vector mesons are not asymptotic states but resonances. Therefore the calculations are plagued by sizable 
model dependences. If the life time of vector mesons is significantly reduced in a medium, the w-meson might indeed 
decay inside the medium, while the p-meson might get so broad that it can no longer be resolved from the background. 
On the experimental side by now also peaks as narrow as the vacuum w-meson can be resolved — at least in dimuon 
spectra 25]. It is expected that this will also be possible in presently starting experiments with dielectron spectra 
[26] . In addition, heavy-ion experiments are accompanied by elementary reactions on nuclei. Here, the kinematical 
situation can be chosen such that the w-meson is (more or less) at rest with respect to the nucleus. Hence, even if its 
life time is long, the u would decay inside the medium. Indeed, a downward shift of strength has been reported for 
7- nucleus reactions in |22|| for an w-meson placed in a nucleus. Here the u> is identified via its decay into 717. Note 
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that this decay channel is much suppressed for the p-meson (at least in vacuum) so that a clean separation between 
ui and p seems to be possible. Dielectron spectra generated in proton-nucleus colhsions are studied in [2^|23- Also 
there a downward mass shift of the w-meson has been reported. Note, however, that dilepton spectra do not allow 
for a clean separation of (in-medium) w-mesons from p-mesons. In the present work we shall explore what QCD sum 
rules tell about the in-medium changes of cj-mesons. 

Originally it was expected that the use of nuclear medium QCD sum rules would yield model independent predictions 
for in-medium changes of hadronic properties — just as the vacuum sum rules yield in an impressive way parameter-free 
predictions of vacuum hadronic properties. However, one has to realize that the QCD sum rules do not directly yield 
hadronic properties — like the mass of a state — as a function of the condensates. Unfortunately the connection is 
rather indirect: The sum rules connect the condensates with specific integrals over the spectral information contained 
in a correlator of two interpolating quark currents which carry the quantum numbers of the hadronic state of interest. 
Only if this spectral information is concentrated in a more or less narrow peak the sum rules can predict the peak 
position, i.e. the mass of the hadron under consideration. As we have outlined above it is not clear whether the 
in-medium spectrum of a vector meson is a sufficiently narrow peak — it is even not clear whether it has a one-peak 
structure at all. In addition, the connection between the hadron and its interpolating quark current can get more 
complicated. For vector mesons this concerns the question to which extent the vector meson dominance assumption 
still holds in a medium (cf. e.g. |la 113 ^'^d also 31] for possible complications). In general, for more complicated 
spectra the sum rules can only yield constraints on these spectra. For the p-meson this issue is by now well documented 
in the literature, e.g. 10, 32, 33, 34, 35] For the a;-meson this will become clear below where we will explore various 
typical in-medium parameterizations of the spectral shape. 

The present work is not the first one devoted to in-medium QCD sum rules for the w-meson. Therefore we will 
comment in the following on the previous approaches. We will discuss four issues, namely (i) the assumed shape 
of the spectral information, (ii) the Landau damping term, (iii) the size of the four-quark condensate and (iv) the 
type of sum rules used. Unfortunately, at least the first three points are intertwined. We will try our best not to 
confuse the reader. The motivation for point (i) has already been given. Point (ii) is important since different works 
used different expressions there. To clarify this issue we decided to rederive the proper Landau damping term in the 
appendix. Point (iii) concerns the question whether four-quark condensates factorize into the square of the two-quark 
condensate. Already for the vacuum case this constitutes an ongoing debate in the sum rule community. In addition, 
the answer to this question might be different for vacuum and in-medium situations. (For an overview see e.g. the 
introduction of [3g.) The fourth point is somewhat technical. We have decided to postpone the detailed discussion 
to section HTl 

In the pioneering works ja, 1371 ] a single narrow peak structure (with the to be determined mass parameter) plus a 
Landau damping contribution was plugged into the sum rules. The result was an in-medium decrease of the w-mass. 
Actually the results agreed for p- and w-meson. The reason was simply that the sum rules were exactly the same 
and for both mesons a single-peak structure was assumed — besides the Landau damping contribution. The latter 
was correctly derived for the p-meson. It was assumed that it is the same for the uj. However, the Landau damping 
contribution is nine times higher for the oj than for the p as stressed explicitly later in 3a] (see also the appendix of 
the present work). For the p- meson, the Landau damping contribution is actually so small that it does not severely 
influence the result of a sum rule analysis. A factor nine, however, promotes a negligible contribution to a dominant 
one! In principle, the effect of the Landau damping contribution is an upwards shift of spectral strength. Therefore, it 
was argued in 38] that the w-mass increases in nuclear matter. Also in this latter work a single narrow peak structure 
was the starting point of the analysis. Both in |a,|33 and in [S^ it has been assumed that the in-medium four-quark 
condensate more or less factorizes into the square of the in-medium two-quark condensate. In the present work we will 
allow for more freedom for the in-medium spectral information in the m channel. One part of our analysis will also 
cover the case of a single peak structure, albeit allowing for an arbitrary width. We will find that the sum rules do 
not determine both mass and width, but instead provide a correlation between them. (For the corresponding case of 
the p-meson see JSJ-) In a second part we will study how the sum rules constrain a two-peak structure. In addition, 
we will study the sensitivity of our results on the in-medium change of the four-quark condensate. 

Also in 10] the assumption of a narrow peak has been given up. Instead, a hadronic model for the in-medium 
spectral function of the cj-meson has been developed. This model provided a moderate peak broadening and a 
downward mass shift of the tj-meson. It was shown that the calculated spectral function satisfies the in-medium 
sum rule. The developed hadronic model has been criticized in 39] and therefore modified in 14]. Qualitatively, the 
findings were still the same: moderate peak broadening and downward mass shift. In (43 it has been argued that this 
hadronic model satisfies the sum rules. However, the Landau damping contribution used there has the correct factor 
nine, but an opposite sign as compared to [lO|,|3g. Our derivation, presented in the appendix, agrees in size and sign 
with [38j . Indeed, the authors of |43 agree now that the sign of the Landau damping term used in pJJ . l38| is the 
correct one |41|. Nonetheless, a downward mass shift and agreement with the sum rules has already been reported in 
[lO| where the Landau damping term has the same sign as in [Sg- Apparently, the findings of [Sg] (upward mass shift) 



and of [T3 (downward mass shift) seem to contradict each other. As already speculated in |3q this is probably due 
to a different treatment of parameters which are intrinsic to the type of sum rule used. In the present work, where 
we use a different type of sum rule, such ambiguities do not appear as we will discuss below. 

The influence of the in-medium behavior of the four-quark condensate has been studied in detail in 42, 43, 44,^4511. 
Basically in all previous works it has been assumed that the in-medium change of the four-quark condensate is linked 
to the in-medium change of the two-quark condensate. The factorization approximation suggests that the drop of 
the four-quark condensate relative to its vacuum value is twice as large as the one for the two-quark condensate. 
In |42i . 43, 44, 45] this assumption has been suspended in favor of an additional parameter which characterizes this 
drop. The consequences of the sum rules as a function of this parameter have been studied. In the present work we 
will also allow for an arbitrary in-medium change of the four-quark condensate and study its impact on our spectral 
parameterizations. Correlations between hadronic parameters — on which we focus in the present work — have not 
been studied in [42, |43, |43 • Mass- width correlations have been worked out in |4J| in the framework of the Borel 
sum rules. One purpose of the present work is to establish a new type of sum rules not used for in-medium studies 
so far (except for [23 )j narnely the weighted finite energy sum rules. Note that for vacuum analyses, the latter are 
well established, cf. e.g. |4(il l47| and references therein. For in-medium studies, however, usually Borel type sum rules 
are utilized. We have decided to postpone the comparison of Borel and other sum rule types to section ^] since the 
important points are easier to discuss with the relevant formulae at hand. 

The paper is organized in the following way: In the next section we study in-medium QCD sum rules for the 
w-meson channel and in particular their condensate side. We will start with a Borel sum rule and derive weighted 
finite energy sum rules which are directly sensitive to in-medium modifications and which we will use for the rest 
of the presented work. Advantages and disadvantages of different types of sum rules are discussed. In section IIIII 
we study the constraints provided by the sum rules on typical hadronic parameterizations of the in-medium spectral 
information. In particular, we will study (i) a one-peak structure with arbitrary position and width of the peak and 
(ii) a structure with two (narrow) peaks, caused by the genuine w-meson and a resonance-hole branch. In section Hvl 
we summarize our results and provide an outlook. The derivation of the proper Landau damping term is presented 
in the appendix. 

II. QCD SUM RULES 

In this work we study the properties of a vector-isoscalar current 

Ji^-^-^iuif.u + d'^i.d) (1) 

which is at rest with respect to the nuclear medium. As outlined e.g. in [i^ in-medium QCD sum rules can be obtained 
from an off-shell dispersion relation which integrates over the energy at fixed (here vanishing) three-momentum of the 
current. We also restrict ourselves to small densities pN by using the linear-density approximation. Effectively this 
means that the current is at rest with respect to the nucleon on which it scatters. The Borel sum rule is given by 
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81M6 ■-«<^4 )«-d - ^il^ m%aiPN + o(l/M«) . (2) 

Here p^ denotes the nuclear density and M the Borel mass. The central quantity R is obtained from the current- 
current correlator as outlined e.g. in J33|- AH other quantities will be specified below. Note that we have followed 
the common practice to neglect contributions from non-scalar twist-4 operators and from a^ suppressed twist-two 
operators (cf. e.g. 33] for details). The spectral information liaR is decomposed into a hadronic low-energy and a 
perturbative high-energy part: 

Qtt pn 



lmR{s) = -lfI:Ls{s)+lTnRnABis)eisoipN)-s) + — (l + ^)Qis-so{pN)). (3) 
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Here sq denotes the (density dependent) continuum threshold. We have decomposed the low-energy part into the 
object we want to study, Imi?HADj and the Landau damping contribution (first term on the right hand side of (jS))) 



since the latter can be determined model independently (cf . the appendix) . Inserting Q in (01 yields y, la, U^ IsM li^ 
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The four-quark condensate is given by [3, Eg 



81 - Q - - 

Using the linear-density approximation we get 0, S HS 

'mq{qq)nicd = mq{qq)yi^c + mg{N\qq\N)pN = --F^M^ + - (JnRn , (6) 

— G) = {—G ) -Tz TTrmyPN (7) 

TT /mod \ TT /vac 11 — ^A*/ 



and 



(ODmcd = (ODvac + (A^|Ori^>PiV = (ODvac + 2k (q-g)vac (A^k-<Z|^>PiV = (^Dvac " ^^ ^^^^^ PN ■ («) 

Here |A^) denotes a one-nucleon state (with appropriate normalization). We have introduced a quantity k which is 
basically defined by ©, i.e. 

2(gg)vac {N\qq\N) ■ ^ ' 

Our knowledge on the four-quark condensates is rather limited both in vacuum and nuclear matter (cf. |36| and 
references therein). In the following, we will only need the density dependent part of the four-quark condensate. In 
[2.6] it has been shown that in the limit of a large number of quark colors Nc one gets 

K = 1 + 0(l/iVc) ■ (10) 

For the real world of Nc = 3 it is not clear how large the deviation of k from unity actually is. Therefore we will treat 
K as a free parameter and study the dependence of our results on n. This is close in spirit to 42] . 

In principle, we could start our analysis with Q. However, there appear some quantities in (QJ which have neither 
to do with the condensates nor with the low-energy information contained in Imi?HAD: First of all, we have the Borel 
mass M . As it stands, the sum rule Q) does not tell us for which values of M it is supposed to be valid. Actually 
we have neglected higher order condensates o(l/M®) to obtain Q) from ^. Therefore, one should not trust Q) for 
too small values of M . On the other hand, if M becomes too large there is no exponential suppression of larger s on 
the left hand side of (0J). In other words, the integral becomes more sensitive to the region around sq- From ||21l it 
is obvious that the modeling of this region is not very sophisticated. On the other hand, more sophistication would 
involve more model parameters which we do not want to have. Therefore, one wants to concentrate on sum rules 
which are not very sensitive to the region around sq. For Borel sum rules this is achieved by not too large values 
of M . These considerations lead to a so-called Borel window. But the limiting values of this window — which, in 
addition, might be density dependent — can only be roughly guessed (cf. e.g. 32] for details). Besides the necessity to 
choose a proper Borel window we also have the continuum threshold sq and its density dependence. It introduces an 
additional parameter which we are not primarily interested in. Finally, the sum rule l@J mixes vacuum and in-medium 
information while we are only interested in the latter. At least, we want to make sure that uncertainties in the vacuum 
description do not influence our conclusions for the in-medium changes. In the following, we will show that one can 
get better sum rules which solve some of the mentioned problems. 



To be more sensitive to the in-medium modifications we differentiate the Borel sum rule Q with respect to the 
density: 
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So = So (pa = 0) 



and 



Next we rewrite (|11|) : 
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expand both sides in powers of 1/Af ^ and compare the corresponding coefficients on right and left hand side: 
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In this way we have obtained weighted finite energy sum rules. The advantage of finite energy type sum rules as 
compared to Borel sum rules lies in the fact that with the former we have got rid of the Borel mass and the problem 
how to determine a reliable Borel window etc. (cf. our discussion above). On the other hand, the standard finite 
energy sum rules (as applied to the in- medium case e.g. in ,40] ) are rather sensitive to the modeling of the transition 
region from the hadronic part Imi?HAD to the continuum (see also e.g. [sj and references therein). Indeed, the first 
equation (|16a|l is plagued by that problem. The latter two equations, however, are not since the transition region is 
suppressed by powers of (sq — s) |4g. Therefore Ijl6b|) and H16c|l are more reliable as they are insensitive to details 
of the threshold modeling at sq. Hence these weighted finite energy sum rules combine the advantages of Borel and 
standard finite energy sum rules. In general, the disadvantage is that there are only two properly weighted finite 
energy sum rules as compared to three standard finite energy sum rules. In our case, however, this does not reduce 
the available information: The in-medium change of the threshold parameter encoded in Sq is anyway unknown a 
priori. Fortunately, it only appears in the first (anyway less reliable) sum rule (|16a|l . The two preferable sum rules 



(|16b|l and (|16c() are independent of s'q. We shall use them for the subsequent analysis. Note that the vacuum threshold 
So appears in Ijl6bp and (|16cl) . This, however, can be fixed by an independent vacuum sum rule analysis which is 
free of all in-medium uncertainties. For the actual calculation we adopt the point of view of J4(l . l5(l l5ll | and use 
So ~ (47r/Tr)^ w 1.3 GeV^ with the pion decay constant /^. Note that one obtains numerically the same value if one 
takes the arithmetic average of the squared masses of the to and of its first excitation. We will study the sensitivity 
of our results with respect to sq below. 

We would like to stress again that the sum rules Ijl6b|l and (|16c|) constitute a big step forward in the sum rule 
analysis of in-medium properties: First, we are directly sensitive to in-medium changes in contrast to traditional 
analyses ja, [l^, Ell which study vacuum plus medium contributions. Second, we have got rid of all problems how to 
properly define a reasonable Borel window (cf. also the discussion in |33,|53)- Third, we still share with Borel type 
sum rules the feature that we are less sensitive to the modeling of the continuum threshold. 



III. HADRONIC PARAMETERIZATIONS 

We now turn to the left hand side of the sum rules Q or H16|) . It is well-known that the vector- isoscalar current j^ 
strongly couples to the w-meson. In the vector meson dominance (VMD) picture which is phenomenologically rather 
successful it is even assumed that all the interaction of j^ with hadrons is mediated by the w-meson 53]. In the 
following we will rather study simple parameterizations for the current-current correlator and not detailed hadronic 
models. Of course, the omega meson will play a prominent role here. We will come back to the issue of VMD below. 

For all numerical evaluations we will use the values given in table Q] All plots are for normal nuclear matter density 
PN — po ^ O.lTfm^'^ except where otherwise stated. 
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size 


ref. 


rriN 


940 MeV 


[54] 


(0) 


750 MeV 


[10] 


02 


0.9 


m 


04 


0.12 


m 


CTiV 


45 MeV 


m 


niq 


6 MeV 


M 


as 


0.36 


m 


F^ 


92.4 MeV 


f54l 


M^ 


140 MeV 


[54] 


K 


... 10 


- 


So 


1.33GeV2±10% 


- 


M„ 


783 MeV 


M 


Mrh 


590 MeV 


[54] 



TABLE I: Sizes of all relevant quantities. 



A. Warm up: single narrow peak 



To make contact with previous works we explore as a first parameterization a spectral structure with a single narrow 
peak: 



Imi?HAD(s, pn) = 27r(F^ + cfPn) 5{s - M^ - cmPn) ■ 



(17) 



Our choice for the spectral strength in vacuum is motivated in ^55.] . It yields a good description of the cross section 
e^e^ -^ ijj. Obviously, from the two weighted finite energy sum rules Ijlfibjl and (|16c|l one can in principle determine 
two quantities, which are in the present case cp and cm- Of course, the results depend on the input parameters 
given in table QJ especially on sq and k. Instead of cp and cm we introduce the following physically more intuitive 
parameters: the in-medium mass 
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and the in-medium strength 



^mod = VW+CfPn ■ 
These quantities are depicted in figure H as functions of n. 
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FIG. 1; In-medium mass 11811 (left panel) and in-medium strength 11911 (right panel) of the Lj-meson for normal nuclear matter 
density pjv = po ~ 0.17 fm"'^ as functions of k for different values of the vacuum continuum threshold so — 1.33 GeV^ (full 
lines), 1.20 GeV'^ (dotted), 1.46 GeV^ (dashed). The respective vacuum value is denoted by the horizontal line. Note that the 
input is a single narrow peak structure 11711 . 



We observe that the mass is increased except for very high values of n. This finding is in qualitative agreement 
with |3a . lia . |45| . Quantitatively, there are some differences which are due to the use of different types of sum rules — 
Borel sum rules in 38, 42, 45i | , weighted finite energy sum rules here. As we have already stressed we prefer the use 
of the latter. It is well known that the drop of the four-quark condensate leads to a lowering of the mass jg, while 
the Landau damping term leads to an increase |33|- The competition between these two effects is responsible for a 
rising mass at low values of k and a decreasing mass for large k. We also want to stress that an increase of k by an 
order of magnitude leads to a change in the mass of only about 10%. In other words, with a rough idea about the 
four-quark condensate one gets a quite good prediction for the mass. On the other hand, it is complicated to deduce 
from a measured mass a precise value for k. 

Concerning the input parameter sq we observe that our results in general do depend on it, albeit this dependence 
is not very drastic. As a curiosity we note that there is one particular value of /t « 4 where there is no so-dependence. 
We do not think that there is any deeper meaning to this point. 

Note that we do not study the sensitivity of our results on the other input parameters of table Q] for the following 
reason: The role of apf and iTif^ in (|12c|l is subleading as compared to the 02 term. They even cancel to a large extent. 



The value of 02, on the other hand, is well determined from deep inelastic scattering [6j. In Ijl2d|l the quantities m^, 
as and ctn sue accompanied by k which is varied in a large range anyway. Hence, all uncertainties in these quantities 
are effectively studied by our variation of n. 

In contrast to the mass the in-medium strength is always smaller than its vacuum value for all values of sq and 
K studied here. The strength of the peak is actually important for the issue of VMD. This, however, is better 
discussed in a more general framework where one allows for a width of the peak. We now turn to such a more general 
parameterization. 



B. Single peak with width 

Instead of the J-function present in H17|) we now allow for a broad spectral information. Details of the formalism 
can be found in |32l | for the corresponding case of the p-meson. The spectral information is now assumed to be 



Imi?HAD(s, Pn) = T^VipN) 



A{s,pn) 



(20) 



with 



1 



A{s,pn) = - 



\/srmcd(s) 



TT (S - M2 - CmPnY + S (r„,ed(s))2 



(21) 



Note that for simphcity we neglect a possible s-dependence of the mass parameter. We also neglect the (small) vacuum 
width of the oj-meson. 
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FIG. 2; Correlation between in-medium mass l|18|l and in-medium width 7 of the oj-meson for normal nuclear matter density 
pN = po ~ 0.17fm~'^ for different values of the vacuum continuum threshold so = 1.33 GeV^ (full lines), 1.20 GeV'^ (dotted), 
1.46 GeV^ (dashed) and for different values of the medium dependence of the four-quark condensate k = (top, left panel), 1 
(top, right), 2 (bottom). Note that the input is a single peal: structure with width 1201 1. 



If the width Fmod (which will be further specified below) becomes small we have to recover the previous case 
discussed in subsection IIII Al This enables us to fix the vacuum value of V{pn) in H20I) : Indeed, A becomes a 
(5- function for vanishing Fmod- Comparing then (|17|l and l|2U|) for the vacuum case one gets 



Vo :- V{pN - 0) 



2F2Af2, , 



(22) 



Having determined the vacuum value, we assume (in line with the linear-density approximation) that V{pn) scales 
linearly with p^. This leaves us with one free parameter to characterize V{pn)- 

Since the integrals appearing in Hl()|l are obviously sensitive to the behavior of A for small values of s it is important 
to model the threshold behavior of r,„od in a physically reasonable way. For finite nuclear density the scattering 
with nucleons influences the spectral function. If the Fermi motion of the nucleons is neglected the threshold for the 
spectral function of an w-meson at rest is given by the mass of one pion since the lightest pair of particles which can be 
formed in an tj-nuclcon collision is a nucleon and a pion. The threshold behavior is dominated by the lowest possible 
partial wave. Without any additional constraint from the intermediate state formed in the cj-nucleon collision we 
assume it to be an s-wave state. Hence we get 



i(s)^(5-Mj)V2e(. 



Mi 



(23) 



and thus 



1/2 



rmcd(s) = 7 



V^ 



s_ 

Ml 



e(s ~ Ml) 



(24) 



/ 



with the free parameter 7, the on-sheU width. We stress again that we have neglected the small vacuum width of the 
uj in H21|l . Consequently we take 7 ^ pN- Note that strictly speaking the in-medium on-shell width should be taken 
with respect to the in-medium mass instead of the vacuum mass in (|24|l . Therefore, it might be a misnomer to call 7 
the on-shell width. However, since 7 is already linear in the density, replacing the vacuum by the in-medium mass in 
the width formula H24(l is beyond the accuracy we are working. 

In total, our parameterization H2U|I contains three free parameters: the in- medium change of the mass (|18f) . the 
in- medium change of V{pn) and the width 7. Obviously, our two sum rules Ijl6b|l and (|16c|l can hardly determine 
all three parameters. What we can get, however, are correlations between these parameters. E.g. for given width the 
other two parameters can be determined. Most interesting is the mass- width correlation which we show in figure |21 
Corresponding correlations, e.g. for strength and width could also be obtained, but are not displayed explicitly. We 
come back to a discussion of the strength below. 



0.98 



0.96 



> 
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FIG. 3; Strength V of 12011 normalized to its vacuum value Vb 12211 as a function of the density pjv (normalized to normal 
nuclear matter density po ~ 0.17fm~^) for different values of the width 7(po) ~ MeV (dashed line), 30 MeV (full), 60 MeV 
(dotted). We used so = 1.33 GeV^ and k = 1. 

From figure 121 we observe first of all that the results depend to some extent on the vacuum continuum threshold sg 
and on the parameter k characterizing the in-medium change of the four-quark condensate. Especially, for increasing 
n the masses move down. This is exactly in line with the previous finding. Indeed, the respective mass for 7 = 
agrees with the corresponding one determined in the previous subsection, cf. figure ^ When the width increases, the 
in-medium mass is pushed up. Qualitatively, this is easy to explain: For the values of k displayed in figure [3 the 
sum rules prefer masses higher than the vacuum one, as seen in figure^ More generally, one might say that the sum 
rules prefer accumulation of spectral strength for invariant masses \/s above the vacuum mass. Naively, one might 
think that the introduction of a width does not change the center of the mass accumulation. This, however, is not 
true: Due to the weighting factors (sq — s)" in the sum rules the contributions of lower invariant masses are weighted 
sizably more than the ones from higher invariant masses. Therefore, the introduction of a width effectively shuffles 
strength to lower invariant masses. To account for that, i.e. to satisfy the same sum rules for the zero-width and for 
the finite-width case, the center of the spectral distribution has to shift upwards. We see exactly this effect in figure 
121 Similar findings have been obtained in |4J|. Again, quantitative differences are due to the use of Borel sum rules 
there and weighted finite energy sum rules here. 

Next we turn to a discussion of the strength V{pn) given in (|2()|l . It is important to stress that in a pure VMD 
scenario all hadronic effects on the current ^ are mediated by the cj-meson. Therefore, all in-medium modifications 
concern the w-meson, i.e. the spectral function in (|20|l . In other words, in a pure VMD scenario V{pn) would be 
constant, i.e. independent of the density. In an extended scenario V might not only depend on the density, but also 
on the invariant mass (squared) s (cf. e.g. JS^I)- Such an additional dependence — where the details are also model 
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dependent — has been disregarded for simplicity in H20|l . Figure 13 shows curves of V{pn) for different values of the 
width 7 chosen such that 7(po) = 0,30,60 MeV. Curves for different values of Sg and k look qualitatively similar. 
Obviously a strict VMD scenario is excluded by the sum rules. This is an interesting aspect to which not much 
attention has been paid in the past — at least not in the sum rule context. Concerning hadronic models we refer to 
[l6. 30] for a discussion of this issue. An in-medium fate of VMD has also been found in the framework of hidden 
local symmetry |31j . 

C. Two narrow peaks 

The purpose of the present subsection is to stress that a one-peak structure mi ght not be the only possibility 
for an in-medium spectral information. Indeed, as has been worked out e.g. in [23, |2l|, |2J| at least two peaks are 
conceivable in the spectral function of the w-meson and therefore also in the spectral distribution of the current-current 
correlator discussed here. The additional peak is caused by the excitation of a nucleon hole and a baryonic resonance. 
Resonances in the region of about 1530 MeV seem to play a dominant role, but no consensus is reached yet how large 
their importance actually is and whether the A^*(1520) is the most important one or the iV*(1535) or both (see also 

M)- ^ 

Clearly, the more structures we introduce, the more parameters we get. In turn, their correlations deduced from 
the sum rules get more complicated. To keep things simple we choose the following parameterization with two narrow 
peaks 



Imi?HAD(s, Pn) = 27r(i^^ -t- cfPn) 6(3 - M^ - cmPn) + ^TrCrhPN Si-s 



Ae 



rh 



with 



M, 



rh^rnji- TTlN 



(25) 



(26) 



and the resonance mass mR. As pointed out above, a reasonable choice is uir « 1530 MeV covering basically the 
lowest D13 and Sn excitation, respectively. Note that possible in-medium shifts of the resonance-hole peak, e.g. by 
level repulsion, are beyond the linear-density approximation used here. Of course, the parameterization H25() is less 
general than H2()(l concerning the aspect that in H25|l the widths of the peaks are neglected. We would like to stress, 
however, that we want to keep the parameterizations as simple as possible. In addition, we have included the present 
subsection to avoid the wrong impression that mass and width would be the only things which one must consider for 
a comprehensive discussion of an in-medium spectral information. 
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FIG. 4: In-medium mass 11811 (left panel) and in-medium strength 11911 (right panel) of the ci;-meson for normal nuclear matter 
density pN = po ~ 0.17 fm"'' as functions of the strength of the resonance-hole branch for different values of the vacuum 
continuum threshold so — 1.33 GeV^ (full lines), 1.20 GeV^ (dotted), 1.46 GeV^ (dashed). Note that the input is a structure 
with two narrow peaks 1251 . Also note that the lines in the left panel end at the respective value of Frh where in the right plot 
-fmod = is reached. 



A two-peak structure has, of course, two strengths which is the strength for the genuine w-branch as already defined 
in H19|) and, in addition, the strength of the resonance-hole peak 

(27) 



Frh = \JCrhPN ■ 
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Again, we have three parameters.^ Given e.g. the strength of the resonance- hole branch |57J, the sum rules 
determine the in-medium mass (|18|) and the in-medium strength (|19|l of the genuine w-branch. These correlations 
are depicted in figure 21 for k — 1. Similar curves would emerge for other values of k. All curves would be shifted 
downwards for increasing k (not explicitly shown). In the right panel of figure^ we see how strength can be reshuffled 
from one branch to the other. Collecting more strength in the resonance-hole branch, i.e. at low invariant masses, 
however, results in a need for compensation. This is achieved by shifting the other branch upwards. We observe this 
effect in the left panel of figure^ 

IV. SUMMARY AND OUTLOOK 

In the present work we have derived new sum rules for the w-meson in nuclear matter, namely weighted finite 
energy sum rules. These sum rules are free of additional parameters (like Borel masses) which are not of primary 
interest. In addition, the derived sum rules are directly sensitive to the in-medium changes and do not mix vacuum 
and in-medium information. We have performed sum rule analyses for different parameterizations of the spectral 
information. In part, we have repeated the sum rule analysis of other groups using our type of sum rules instead of 
theirs. In these cases, we could qualitatively reproduce their results. Quantitative differences are due to the different 
sum rules used. We have pointed out after equation H1U|) and after equations (|16|) why we prefer the use of weighted 
finite energy sum rules. 

It should have become clear from the present work that the sum rules alone cannot predict e.g. an in-medium mass 
shift. Instead, the result of a QCD sum rule analysis depends on the chosen input parameterization. Nonetheless, for 
a given parameterization the sum rules can correlate the input parameters. Examples are presented in figures El and 
0] The most important qualitative finding is that the sum rules prefer a shift of spectral strength to higher invariant 
masses as compared to the vacuum case — except for very large values of k which parameterizes the in-medium 
change of the four-quark condensate. If some spectral strength is shifted to lower invariant masses — by increasing 
the width of the cj-peak or by introducing a low- mass resonance- hole branch — the mass of the w-peak/branch moves 
further upwards. 

Apparently, an in-medium upwards shift of strength seems to be in conflict with the experimental finding of a 
decreasing w-mass in the interior of a nucleus 27] : On the theoretical side there are several possibilities which could 
resolve this contradiction. First, the value for n might be so large that the in-medium tj-mass drops, cf. figure ^ 
Indeed, in ji^ the observed drop in |[27| is taken as an indication that n seems to be large. As pointed out above, 
K becomes 1 in the limit of a large number Nc of colors. If a very large value of n was the right explanation for an 
in-medium drop of the w-mass, it would be interesting to understand why the large- A^c approximation fails so badly. 
A second possible explanation would be that the linear-density approximation used throughout this analysis breaks 
down already at rather low densities. This approximation basically involves only vacuum physics (e.g. a selfenergy is 
given by pnT where T is a vacuum scattering amplitude, cf. e.g. the discussion in 24] ). Beyond the linear-density 
approximation more complicated effects might play a dominant role. Most spectacular is the proposed in-medium 
change of the underlying vacuum structure as is formulated e.g. in the scaling of hadron masses proposed by Brown 
and Rho Q or in the hidden local symmetry approach JSJ. In such scenarios it is suggested that the vector meson 
mass drops. Such effects might overwhelm the linear-density effect deduced here. It should be stressed, however, that 
the effects discussed in the present work are not included in the cited works either. A more complete treatment would 
be desirable. However, there is also a third possible explanation which is much less spectacular: It might appear that 
only part of the spectral information has been identified in the experiment. Especially in a scenario with a sizable 
resonance-hole branch (discussed in subsection IIII C| it might turn out that only the low-mass resonance-hole branch 
is seen whereas the rather high-lying (cf. figure^ genuine w-branch is missed. Note that the strength, i.e. the visibility 
of the genuine w-branch drops with increasing importance of the resonance-hole branch, as shown in figure 21 right 
panel. It would be interesting, if the theoretical approaches which try to describe the data of |23| included at least the 
resonance decay processes N* -^ Nn'^j, since in |23 the w-meson is identified via its decay mode ui -^ tt'^j. Finally 
we note the possibility that one sees also the p and not only the to in the in-medium spectrum of 717: In vacuum 
the decay channel p ~* irj is very small as compared to lu —>■ tt^j 54] . However, this might change in the medium. 
Experimentally, this might be checked by looking in addition at the in-medium spectra of charged flnal states, i.e. at 
p -^ TT 7 (which, of course, do not exist for the uj). 

Our analysis demonstrates that for a given hadronic model it can be checked whether the model is consistent with 
the sum rules. If the hadronic model contains only a few undetermined or only roughly determined parameters they 



Since we have neglected the widths of the states. 
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can be predicted or at least correlated. Note, however, that the sum rules make statements about the current-current 
correlator and not directly about the w-meson. As we have shown above, the most simplest connection, i.e. strict 
vector meson dominance is excluded by the sum rules. We regard this as an important point of the present sum rule 
analysis. 

Concerning consistency checks for hadronic models it is also interesting to point out that the first of our two used 
weighted finite energy sum rules, i.e. Ijl6b(l . is independent of the parameter k, i.e. independent of the four-quark 
condensate which is notoriously difficult to pin down. This sum rule provides a good check for the consistency of a 
given hadronic model. We stress again that the obtained weighted finite energy sum rules are directly sensitive to the 
in-medium part of the hadronic model and do not mix vacuum and in-medium information. 
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APPENDIX A: LANDAU DAMPING CONTRIBUTION FOR ISOVECTOR AND ISOSCALAR 

CURRENTS 

One contribution to the in-medium expectation value of a current-current correlator comes from the Landau damping 
process. In the following this Landau damping contribution is calculated (in two ways) for the isoscalar and isovector 
current at rest with respect to the nucleons which form the nuclear medium. Note that we work in the linear-density 
approximation. Therefore the in-medium interaction is approximated by a sum of single nucleon interactions with 
the current. The respective nucleon is at rest with respect to the medium. 

We will start out with a model independent derivation. In addition, we discuss afterwards a derivation using vector 
meson dominance and the universality of the coupling strengths of the vector mesons. 

The currents appropriate for our discussion are the isovector current. 



j^ ■= 7^ (w7m" - d-tt^d) , (Al) 



and the isoscalar current, 



r^ ■■= \ (u-f^u + d-i^d) . (A2) 



The currents chosen in such way yield in vacuum the same operator product expansion. Next we have to figure out 
how an electromagnetic current is decomposed into the previous currents: The electromagnetic current is (neglecting 
strange and more heavier quarks) 

J^' = Qu uj^u + Qd dj^d = 3'^ + I J'H (A3) 

Following 37] the nucleon matrix element of the isospin-1 part of the electromagnetic current has two form factors: 

{Nik,)\jP\N{k2)) = uih) y [Fl=\q)^, + Ft\q)i<T^.q''] uih) . (A4) 

The corresponding relation for the isospin-0 part is 

{N{ki)\lj::\N{k2)) - S(fci) ^[F(=^iqh^ + Ft%q)^<J^..ql ufy . (A5) 

For the current at rest with respect to the nuclear medium, i.e. for (f = 0, the energy for the Landau damping process 
is fixed to go = |37l |. In this case, the contribution from the tensor part vanishes. On the other hand, the Fi form 
factors become unity. This yields a model independent result for the Landau damping contribution to the isoscalar 
sum rule: 

9 PN ..„x 

4M^ ^ • ^^^^ 
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It is included in Q as the second term on the right hand side. For more details we refer to |33- Concerning the 
isovector case we get in the same way: 



The relative factor 9 between isovector and isoscalar has also been used in |lCt l38l l42l | . 

A second derivation of the same results uses vector meson dominance: We start with Lagrangians [13 for p-nucleon 
interaction, 

CpN = gpNNT'^^^Npi'^ + if^Nr'^a^^Nd^p''^ , (A8) 

and w-nucleon interaction, respectively, 

C^N = g^NN-fpNuj^^ + i^f^Na^^Nd^u;-' . (A9) 

4tojv 

Assuming a universal coupling we get [lO| 

guj = 35p , g^N = goj , gpN = gp ■ (AlO) 

Using vector meson dominance the electromagnetic current is given by 

f^--^p^^^^^--^U+r^)- (All) 

i/p g^j gp \ ■^ / 

This result has to be compared to l|A3|l yielding 



,2 



fp = -^p,, j;- — ^^,- (A12) 

9p 9p 

For our case g = (cf. discussion above) the tensor interactions vanish and only the vector interactions contribute. 
We get 

{N{k,)\f^\N{k^)) ~ 1 {N{k,)\pp\N{k2)) ^ ^ = 1 , (A13) 

9p dp 



but 



{N{k,)\j-\N{k,)) ^ - {N{k,)\u;,\N{k,)) ^ ^^ = 3 . (AM) 

9p 9p 



These results are in agreement with the ones derived above, (jA4p and ljA5|l . 
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